
    
                
 

Dr. Richa Sharma 
Deputy Director 
SCD Division (In-charge) 
Tel # 011-26742140 
Email: specialcall@icssr.org                                           

Indian Council of Social Science Research 
                                                                     (Ministry of Education) 

JNU Institutional Area, Aruna Asaf Ali Marg 
                           New Delhi – 110067 

                         Website: www.icssr.org 

SANCTION ORDER 
F.No. 112/CRP-2023-2236/BBBP/SCD                                                                                Dated:  04-10-2023 

            
To,  
The Registrar 
Kurukshetra University,  
Kurukshetra, Haryana, 136119 

 
Subject: Sanction of Short-term Empirical Research Project (Collaborative/Individual) entitled “The 

Impact Assessment of Beti Bachao Beti Padhao Scheme vis-à- vis Protection, 
Education and Participation of the Girl Child : A Multi-site study of select Districts of 
Haryana, Punjab and Rajasthan” to Dr. Amit Kumar, Kurukshetra University, 
Kurukshetra 

 
Dear Sir/Madam, 

1. The Indian Council of Social Science Research (ICSSR) has approved the award of “The Impact 
Assessment of Beti Bachao Beti Padhao Scheme vis-à- vis Protection, Education and 
Participation of the Girl Child : A Multi-site study of select Districts of Haryana, Punjab 
and Rajasthan” the above Research Project submitted by Dr. Amit Kumar of your Institution. 

2. The study, as proposed by the researcher, is to be located at and financially administered by your 
institution as per the guidelines of this award. 

3. The ICSSR has sanctioned a grant-in-aid of Rs. 1500000/- for the above  research project and the 
grant will be released as follows: 

 
First instalment (50 % of sanctioned grant-in-aid)            :             Rs. 750000/- 

Second instalment (25 % of sanctioned  grant-in-aid)     : Rs. 375000/- 

Final instalment (25 % of sanctioned grant-in-aid)           : Rs. 375000/- 

Total                                                                                      : Rs. 1500000/- 

Overhead charges over and above                   

7.5% or maximum Rs.1,00,000                           : Rs. 100000/- 

 
4. The First installment of the approved grant-in-aid will be released after receiving the grant-in-aid bill duly 

filled in, stamped and signed by the Project Director as well as the affiliating organization.  

5. As the study involves empirical research, the finalized schedules/questionnaires (2 copies) designed to 
elicit information should be sent to the ICSSR as per the following schedule: 

a) If the schedule /questionnaire for eliciting information is as per standard questionnaire, these will have 
to be sent to ICSSR immediately, 

http://www.icssr.org/


b) If the schedule /questionnaire for eliciting information are to be designed afresh keeping in view the 
requirements of the project, these will have to be sent to the ICSSR within a period of two months in any 
case. 

6. The Second instalment will be released after receiving a satisfactory three months progress report, data 
summary report, along with a statement of expenditure for the first instalment and Grant-in-Aid Bill for 
second installment. 

7. The Third and Final instalment will be  released on receipt of (a) Satisfactory book length of the Final 
Report (Two Hard Copies plus one Soft Copy in  Pen-Drive) in the publishable form after incorporating 
all corrections, suggestions of the expert; (b) soft and 2 hard copies of Executive Summary of Final 
Report; (c) Statement of accounts with Utilization Certificate in GFR of 12A form for the entire project 
amount duly signed by the Finance Officer/Registrar/Principal/Director of the affiliating institution (d) A 
certificate of statement of assets and books purchased out of the project fund issued by the affiliating 
institution. (e) The Grant-in-Aid Bill for the third installment.  

8. Research undertaken by a Project Director may be reviewed by the Monitoring and Advisory Committee 
constituted by ICSSR and the project may be discontinued/ terminated, if research progress is found 
unsatisfactory or any ICSSR rules/guidelines are violated. 

9. The Project Coordinator/Project Director would organize a workshop before submission of the final report. 
The workshop would deliberate on data collection process, compilation, organization and analyses of 
data on the respective scheme/policy initiative. 

10. The ICSSR reserves all rights to publish the project funded by it, provided the work is recommended for 
publication by the ICSSR appointed expert/experts. In case, ICSSR approves the publication of the 
research work, the scholar should acknowledge that the project has been sponsored by the ICSSR, in all 
publications resulting from the project output (Research Paper, Books, Articles, Reports, etc.) and should 
submit a copy of the same to the ICSSR. 

11. The Contingency Grant may be utilized for research and office assistance, books, stationary, computer 
cost, research assistance and the field work expenses of Project Coordinator, Co-Project Directors and 
research personnel connected with the research work. 

12. The University/ Institution of affiliation will provide to the scholar office accommodation including furniture, 
library and research facilities and messenger services. For this, the ICSSR shall pay to the 
University/Institution of affiliation overhead charges @7.5% or maximum Rs. 1,00,000/- of the total 
expenditure incurred on the project only after successful completion of the project. 

13.  The accounts and the Utilization Certificate will be signed by the Finance 
Officer/Registrar/Principal/Director in the case of accounts of the institution are audited by CAG/AG. 
Otherwise, they need to be signed by the Finance Officer and the Chartered Account. 

14. The Project Coordinator/ Project Director of the research project will be Dr. Amit Kumar, who will be 
responsible for the completion of the research project within 5/6 Months from the date of commencement 
of the project, which is 15.09.2023 as intimated by the scholar.   

15. In case, the Project Coordinator/Project Director fails to submit the periodic / final project report as per 
schedule with adequate justification, the scholar will be debarred from availing all financial assistance 
from ICSSR in future.  

16. All grants from ICSSR are subject to the general provision of GFR 2017 and in particular with reference 
to the provision contained in GFR 209, GFR 210, GFR 211 and GFR 212. 

17. The Project Coordinator/Project Director will ensure that the expenditure incurred by him conforms to the 
approved budget heads.  The grant-in-aid is subject to all the conditions laid down in the Indian Council 
of Social Science Research (ICSSR) Research Projects available in the ICSSR website 
www.icssr.org 

18. The expenditure on this account is debatable to the Budget Head-ICSSR (Scheme Code 0877); OH 
31.09 Research Projects. 
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19. All instalments will be transferred through Public Finance Management System (PFMS) and ICSSR shall 
implement the EAT module for ensuring transparency of expenditure at all levels and to ensure that there 
is no parking of funds. 

20. As per the instruction from MoE, the amount of grant sanctioned herein is to be utilized by the end of the 
project duration.  The unspent amount shall be refunded to the ICSSR immediately on the expiry of the 
duration of the project.  If the grantee fails to utilize the grant for the purpose for which the same has been 
sanctioned/or fails to submit the audited statement of expenditure within the stipulated period/ or fails to 
submit the final report within the stipulated time, the grantee will be required to refund the amount of the 
grant released with a penal interest thereon @ 10% per annum. 

 

Yours faithfully, 

 

 

Sd/- Dr. Richa Sharma 
For MEMBER-SECRETARY 

Encl: as above. 

Copy to:  

 
1. Dr. Amit Kumar 

Institute of Law,  
Kurukshetra University,  
Kurukshetra, Haryana 136119 
 

2. Dr. Sunil Kumar,  
Assistant Professor,  
Deptt. Of Sociology,  
Kurukshetra University,  
Kurukshetra, Haryana-136119  
 

3. Dr. Sadeep kumar Malyan 
Deptt of Environmental Studies,  
Dyal Singh Evening College,  
Lodi Road, University of Delhi,  
New Delhi-110003.  
 

4. Dr. Sumit Kumar 
Institute of Law,  
Kurukshetra University,  
Kurukshetra, Haryana 136119 
 

5. Finance Branch, ICSSR, New Delhi 
 
6. Record file                                                                          
 

Sd/- Dr. Richa Sharma 
For MEMBER-SECRETARY 

  



PROJECT BUDGET  

Title:  The Impact Assessment of Beti Bachao Beti Padhao Scheme vis-à- vis Protection, Education and 
Participation of the Girl Child : A Multi-site study of select Districts of Haryana, Punjab and Rajasthan 

By: Dr. Amit Kumar 

S. No. Heads of Expenditure Value 

1.  Research Staff: 
Full time/Part-time/Hired Services 

Not exceeding 40% of the total budget. 

2.  Fieldwork: 
Travel/Logistics/Boarding, Survey 
Preparation or Consultancy etc.              

Not exceeding 30% 

3.  Workshop to disseminate the outcomes of 
the project 

Up to 15% (not exceeding INR 2.00 lakh for collaborative 
research)  

4.  Equipment and Study material: 
Computer, Printer, Source Material, 
Books, Journals, Software, Data Sets etc. 

Not exceeding 10% 

5.  Contingency Not exceeding 5% 

6.  Institutional Overheads (over and above 
the total cost of the project) 

Affiliating Institutional overheads @ 7.5% of the approved 
budget , subject to a maximum limit of Rs 1,00,000/- 

 
 Remuneration and Emoluments of Project Staff  

(a)Project staff could be engaged by the Project Coordinator/Project Director on a full/ part-time basis during the 
research work and the duration/consolidated monthly emoluments of their employment may be decided by the 
Project Coordinator/Project Director within the limits of the sanctioned financial allocation and as per the ICSSR 
rules.  

(b) Research Associate @ Rs.40,000/- p.m.. (Qualification – Post graduate in any social science discipline with 
minimum 55% marks and NET/SLET/M.Phil/Ph.D) 

(c) Research Assistant @ Rs.32,000/-p.m.(Qualification-Ph.D./M.Phil./ Post graduate in social science discipline 
with minimum 55%)  

(d) Field Investigator @ Rs.30,000/-p.m. (not exceeding 3 months) (Qualification- Post graduate in any social 
science discipline with minimum 55% marks) 

(e)Retrospective payment for work already done is not permissible. 

 Re-appropriation: The Institution may re-appropriate expenditure from one head to another up to 10% of the 
sanctioned budget with the prior approval of the ICSSR. 

 Selection of Research Staff should be done through an advertisement and a selection committee consisting of 
(1) Project Coordinator/ project Director; (2) One outside Expert (other than the Institute where the project is 
located); (4) Head of the Department/Dean of relevant faculty. 

 For all field work related expenses of Project Coordinator/Project Director, Co-Project Director and project 
personnel, rules pertaining to affiliating institutes shall be followed.  

 All equipment and books purchased out of the project fund shall be the property of the affiliating institutions. On 
completion of the study, the Project Coordinator/ Project Director shall submit an undertaking in this regard. The 
ICSSR, however, reserves the right to take charge of equipment and books, if it thinks it fit in a case. 

 Purchase of equipment/ assets for the Research Project is permissible only if it is originally proposed and 
approved by the ICSSR and does not exceed the permissible amount. 

 No publication/presentation in any form related the awarded research shall be made by the researcher or any 
member of the research team without prior approval of the ICSSR



 



    
                
 

Dr. Richa Sharma 
Deputy Director 
SCD Division (In-charge) 
Tel # 011-26742140 
Email: specialcall@icssr.org                                           

Indian Council of Social Science Research 
                                                                     (Ministry of Education) 

JNU Institutional Area, Aruna Asaf Ali Marg 
                           New Delhi – 110067 

                         Website: www.icssr.org 

SANCTION ORDER 
F.No. 91/CRP-2023-2290/SIM(PMKVY)/SCD                                                                     Dated:  26-09-2023 

            
To,  
The Principal  
Dyal Singh Evening College, Delhi 
Delhi (NCT), 110003 

 
Subject: Sanction of Short-term Empirical Research Project (Collaborative/Individual) entitled 

“Evaluation of PMKVY: A Multi-site study of select Districts of Haryana, 
Western Uttar Pradesh, and Uttarakhand” to Dr. Sandeep Kumar Malyan, 
Dyal Singh Evening College, Delhi 

 
Dear Sir/Madam, 

1. The Indian Council of Social Science Research (ICSSR) has approved the award of 
“Evaluation of PMKVY: A Multi-site study of select Districts of Haryana, 
Western Uttar Pradesh, and Uttarakhand” the above Research Project submitted by 
Dr. Sandeep Kumar Malyan of your Institution. 

2. The study, as proposed by the researcher, is to be located at and financially administered 
by your institution as per the guidelines of this award. 

3. The ICSSR has sanctioned a grant-in-aid of Rs. 1300000/- for the above  research project 
and the grant will be released as follows: 

 
First instalment (50 % of sanctioned grant-in-aid)            
:             

Rs. 650000/- 

Second instalment (25 % of sanctioned  grant-in-aid)     
: 

Rs. 325000/- 

Final instalment (25 % of sanctioned grant-in-aid)           
: 

Rs. 325000/- 

Total                                                                                      
: 

Rs. 1300000/- 

Overhead charges over and above                   

7.5% or maximum Rs.1,00,000                           : Rs. 97500/- 
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4. The First installment of the approved grant-in-aid will be released after receiving the grant-in-
aid bill duly filled in, stamped and signed by the Project Director as well as the affiliating 
organization.  

5. As the study involves empirical research, the finalized schedules/questionnaires (2 copies) 
designed to elicit information should be sent to the ICSSR as per the following schedule: 

a) If the schedule /questionnaire for eliciting information is as per standard questionnaire, 
these will have to be sent to ICSSR immediately, 

b) If the schedule /questionnaire for eliciting information are to be designed afresh keeping in 
view the requirements of the project, these will have to be sent to the ICSSR within a period 
of two months in any case. 

6. The Second instalment will be released after receiving a satisfactory three months progress 
report, data summary report, along with a statement of expenditure for the first instalment and 
Grant-in-Aid Bill for second installment. 

7. The Third and Final instalment will be  released on receipt of (a) Satisfactory book length of 
the Final Report (Two Hard Copies plus one Soft Copy in  Pen-Drive) in the publishable form 
after incorporating all corrections, suggestions of the expert; (b) soft and 2 hard copies of 
Executive Summary of Final Report; (c) Statement of accounts with Utilization Certificate in 
GFR of 12A form for the entire project amount duly signed by the Finance 
Officer/Registrar/Principal/Director of the affiliating institution (d) A certificate of statement of 
assets and books purchased out of the project fund issued by the affiliating institution. (e) The 
Grant-in-Aid Bill for the third installment.  

8. Research undertaken by a Project Director may be reviewed by the Monitoring and Advisory 
Committee constituted by ICSSR and the project may be discontinued/ terminated, if 
research progress is found unsatisfactory or any ICSSR rules/guidelines are violated. 

9. The Project Coordinator/Project Director would organize a workshop before submission of the 
final report. The workshop would deliberate on data collection process, compilation, 
organization and analyses of data on the respective scheme/policy initiative. 

10. The ICSSR reserves all rights to publish the project funded by it, provided the work is 
recommended for publication by the ICSSR appointed expert/experts. In case, ICSSR 
approves the publication of the research work, the scholar should acknowledge that the 
project has been sponsored by the ICSSR, in all publications resulting from the project output 
(Research Paper, Books, Articles, Reports, etc.) and should submit a copy of the same to the 
ICSSR. 

11. The Contingency Grant may be utilized for research and office assistance, books, stationary, 
computer cost, research assistance and the field work expenses of Project Coordinator, Co-
Project Directors and research personnel connected with the research work. 

12. The University/ Institution of affiliation will provide to the scholar office accommodation 
including furniture, library and research facilities and messenger services. For this, the ICSSR 
shall pay to the University/Institution of affiliation overhead charges @7.5% or maximum Rs. 
1,00,000/- of the total expenditure incurred on the project only after successful completion of 
the project. 



13.  The accounts and the Utilization Certificate will be signed by the Finance 
Officer/Registrar/Principal/Director in the case of accounts of the institution are audited by 
CAG/AG. Otherwise, they need to be signed by the Finance Officer and the Chartered 
Account. 

14. The Project Coordinator/ Project Director of the research project will be Dr. Sandeep 
Kumar Malyan, who will be responsible for the completion of the research project within 5/6 
Months from the date of commencement of the project, which is 15-09-2023 as intimated by 
the scholar.   

15. In case, the Project Coordinator/Project Director fails to submit the periodic / final project 
report as per schedule with adequate justification, the scholar will be debarred from availing 
all financial assistance from ICSSR in future.  

16. All grants from ICSSR are subject to the general provision of GFR 2017 and in particular with 
reference to the provision contained in GFR 209, GFR 210, GFR 211 and GFR 212. 

17. The Project Coordinator/Project Director will ensure that the expenditure incurred by him 
conforms to the approved budget heads.  The grant-in-aid is subject to all the conditions laid 
down in the Indian Council of Social Science Research (ICSSR) Research Projects 
available in the ICSSR website www.icssr.org 

18. The expenditure on this account is debatable to the Budget Head-ICSSR (Scheme Code 
0877); OH 31.09 Research Projects. 

19. All instalments will be transferred through Public Finance Management System (PFMS) and 
ICSSR shall implement the EAT module for ensuring transparency of expenditure at all levels 
and to ensure that there is no parking of funds. 

20. As per the instruction from MoE, the amount of grant sanctioned herein is to be utilized by the 
end of the project duration.  The unspent amount shall be refunded to the ICSSR 
immediately on the expiry of the duration of the project.  If the grantee fails to utilize the grant 
for the purpose for which the same has been sanctioned/or fails to submit the audited 
statement of expenditure within the stipulated period/ or fails to submit the final report within 
the stipulated time, the grantee will be required to refund the amount of the grant released 
with a penal interest thereon @ 10% per annum. 

 

Yours faithfully, 

 

 

(sd/- Dr. Richa Sharma) 
For MEMBER-SECRETARY 

Encl: as above. 
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Copy to:  

 
1. Dr. Sandeep Kumar Malyan 

Department of Environmental Studies, Dyal Singh Evening College, Lodi Road , 
University of Delhi, New Delhi 110003 
Delhi (NCT) 110003 

2. Dr. Sunil Kumar,  

Department of Sociology, 

Kurukshetra University Haryana, 7015155877 

3. Dr. Amit Kumar, Institute of Law, Kurukshetra University, Kurukshetra (Haryana), 
996510039 

4. Prof. Vivek Kumar, CRDT,  

IIT DELHI. HAUZ KHAS,  

NEW DELHI - 110016 

9412619735 vivekk@iitd.ac.in  

5. Finance Branch, ICSSR, New Delhi 
 
6. Record file                                                                          
 

(sd/- Dr. Richa Sharma) 
For MEMBER-SECRETARY 

  

mailto:vivekk@iitd.ac.in


 
PROJECT BUDGET 

Title:  Evaluation of PMKVY: A Multi-site study of select Districts of Haryana, Western Uttar 
Pradesh, and Uttarakhand 

By: Dr. Sandeep Kumar Malyan 

S. No. Heads of Expenditure Value 

1. 1 Research Staff: 
Full time/Part-time/Hired Services 

Not exceeding 40% of the total budget. 

2. 2 Fieldwork: 
Travel/Logistics/Boarding, Survey 
Preparation or Consultancy etc.              

Not exceeding 30% 

3. 3 Workshop to disseminate the outcomes 
of the project 

Up to 15% (not exceeding INR 2.00 lakh for 
collaborative research)  

4. 4 Equipment and Study material: 
Computer, Printer, Source Material, 
Books, Journals, Software, Data Sets 
etc. 

Not exceeding 10% 

5. 5 Contingency Not exceeding 5% 

6.  Institutional Overheads (over and above 
the total cost of the project) 

Affiliating Institutional overheads @ 7.5% of the 
approved budget , subject to a maximum limit of Rs 
1,00,000/- 

 
 Remuneration and Emoluments of Project Staff  

(a)Project staff could be engaged by the Project Coordinator/Project Director on a full/ part-time 
basis during the research work and the duration/consolidated monthly emoluments of their 
employment may be decided by the Project Coordinator/Project Director within the limits of the 
sanctioned financial allocation and as per the ICSSR rules.  

(b) Research Associate @ Rs.40,000/- p.m.. (Qualification – Post graduate in any social science 
discipline with minimum 55% marks and NET/SLET/M.Phil/Ph.D) 

(c) Research Assistant @ Rs.32,000/-p.m.(Qualification-Ph.D./M.Phil./ Post graduate in social 
science discipline with minimum 55%)  

(d) Field Investigator @ Rs.30,000/-p.m. (not exceeding 3 months) (Qualification- Post graduate in 
any social science discipline with minimum 55% marks) 

(e)Retrospective payment for work already done is not permissible. 

 Re-appropriation: The Institution may re-appropriate expenditure from one head to another up to 
10% of the sanctioned budget with the prior approval of the ICSSR. 

 Selection of Research Staff should be done through an advertisement and a selection committee 
consisting of (1) Project Coordinator/ project Director; (2) One outside Expert (other than the Institute 
where the project is located); (4) Head of the Department/Dean of relevant faculty. 

 For all field work related expenses of Project Coordinator/Project Director, Co-Project Director and 
project personnel, rules pertaining to affiliating institutes shall be followed.  



 All equipment and books purchased out of the project fund shall be the property of the affiliating 
institutions. On completion of the study, the Project Coordinator/ Project Director shall submit an 
undertaking in this regard. The ICSSR, however, reserves the right to take charge of equipment and 
books, if it thinks it fit in a case. 

 Purchase of equipment/ assets for the Research Project is permissible only if it is originally 
proposed and approved by the ICSSR and does not exceed the permissible amount. 

 No publication/presentation in any form related the awarded research shall be made by the 
researcher or any member of the research team without prior approval of the ICSSR 
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Dr. Gajender                                                                                 Dated: 02 April, 2024 
                                                                                                                   
Senior Scientist (Agronomy) 
ICAR-CSSRI, Karnal-132001 
Email: gajender.icar@gmail.com                                                                                                                               
 
 
 
To,  
The Head, 
Institute of Environment studies 
Kurukshetra University, Kurukshetra  
 

Subject: Consent for Co-Supervision of Ms. Pinki, PhD Research 
 
Dear Sir/madam, 
 

In reference to the ICAR-CSSRI office order F.No. 4(14)/ Estt. Sci. /2024/3945 dated 
19.03.2024 in response to email from Dr. Dipti, I have been nominated as Co-supervisor of 
Ms. Pinki for her PhD research work at ICAR-CSSRI, Karnal.  I hereby, convey my consent 
to serve as a co-supervisor for the above mentioned PhD research in collaboration with 
Kurukshetra University, Kurukshetra.  
  

Under this Co-Supervision arrangement, we will provide guidance, support and utilize 
our knowledge and technical research support to enhance the quality of your research. We are 
looking forward to commencing this collaboration and contributing to achieve the research 
objectives.  
 
 

Kind Regards 
 

 
 
(Dr. Gajender) 
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ON WIJSMAN DEFERRED STATISTICAL CONVERGENCE OF
DOUBLE SEQUENCES OF SETS

Mehmet Çağri Yilmazer1, Mikail Et1, Vinod K. Bhardwaj2

and Sandeep Gupta3
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Department of Mathematics, 23119 Elazıg, Turkey
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Department of Mathematics, 136119 Kurukshetra, India
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Abstract. In this article, we introduce the concepts of Wijsman deferred statistical
convergence and Wijsman strong deferred Cesaro summability for double sequences of
sets. Additionally, some properties and based results have been established under a few
restrictions.
Keywords: statistical convergence, Cesaro summability, double sequences of sets.

1. Introduction

The idea of statistical convergence was given by Zygmund [34] in the first edi-
tion of his monograph published in Warsaw in 1935. The concept of statistical
convergence was introduced by Steinhaus [31] and Fast [14] and later reintroduced
by Schoenberg [30] independently. Over the years and under different names sta-
tistical convergence has been discussed in the theory of Fourier analysis, Ergodic
theory, Number theory, Measure theory, Trigonometric series, Turnpike theory and
Banach spaces. Later on it was further investigated from the sequence space point
of view and linked with summability theory by Altın et al. [3], Bhardwaj et al.
([5],[6],[7]), Cakalli [8], Caserta et al. [9], Connor [10], Dagadur and Sezgek [11],
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Nuray et al. ([23],[24],[25]), Et et al. ([12],[13],[16],[17],[28]), Fridy [15], Işık and
Akbaş ([4],[18],[19]), Küçükaslan and Yılmaztürk [20], Mursaleen et al. ([21, 22]),
Salat [27], Savas [29] and many others.

Agnew [1] introduced the concept of deferred Cesaro mean of real (or complex)
valued sequences x = (xk) defined by

(Dq
p(x))n =

1

qn − pn

qn∑
k=pn+1

xk, n = 1, 2, 3, ...

where p = (pn) and q = (qn) are two sequences of non-negative integers satisfying

pn < qn and lim
n→∞

qn = ∞.

A sequence x = (xk) is said to be deferred statistically convergent to L provided
that

lim
n→∞

|{pn < k ≤ qn : |xk − L| ≥ ε}|
qn − pn

= 0

for each ε > 0 and it is written by Sqp − limxk = L [20].

Let (X, ρ) be a metric space. The distance d(x,A) from a point x to a non-empty
subset A of (X, ρ) is defined to be

d(x,A) = inf
y∈A

ρ(x, y)

If supk d(x,Ak) < ∞ (for each x ∈ X), then we say that the sequence {Ak} is
bounded.

A set of sequence {Ak} is said to be Wijsman statistical convergent to A provided
that

d(x,A) = lim
n→∞

1

n
|{k ≤ n : |d(x,Ak)− d(x,A)| ≥ ε}| = 0

if for each ε > 0 and for each x ∈ X. It is written by st− limW Ak = A.

By the convergence of a double sequence we mean the convergence in Pring-
sheim’s sense [26]. A double sequence x = (xkj)k,j∈N of real numbers is said to be
convergent to L ∈ R in Pringsheim’s sense if for any ε > 0, there exists Nε ∈ N such
that |xkj − L| < ε, whenever k, j > Nε. In this case we write P − limk,j→∞ xkj = L
or limk,j→∞ xkj = L.

A double sequence x = (xkj) of real numbers is called to be bounded if there
exists a positive real number M such that |xkj | < M , for all k, j ∈ N. In other
words ∥x∥∞ = supk,j |xkj | <∞.

A double sequence x = (xkj) is said to be statistically convergent to L provided
that

lim
m,n→∞

1

mn
|{(k, j) : k ≤ n, j ≤ m : |xkj − L| ≥ ε}| = 0,

Many worthwhile developments of double sequences in summability methods
can be found in ([2],[11],[21],[22],[24],[25],[29],[32],[33]).
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2. Main Results

In this section, Wijsman deferred statistical convergence and Wijsman strongly
deferred Cesàro convergence of double sequences of sets will be defined and the
relationship between them will be scrutinized.

Throughout this paper, we will suppose p = (pn), q = (qn), r = (rm) and
t = (tm) are sequences of non-negative integers satisfying the following condition:

pn < qn, tm < rm and lim
n→∞

qn = ∞, lim
m→∞

rm = ∞(2.1)

and
ψn = qn − pn, ωm = rm − tm, D = (p, q, ; r, t)(2.2)

Definition 2.1. [11] Let (pn), (qn), (rm) and (tm) be sequences of non-negative in-
tegers satisfying the conditions (2.1) and (2.2). The deferred double natural density
of any subset S of N× N is denoted by δD(S) and defined as

δD(S) = lim
m,n→∞

∣∣Snm∣∣
ψnωm

,

provided the limit exists, where Snm = {(k, j) ∈ S : pn < k ≤ qn and tm < j ≤ rm}.

It is obvious that the deferred double natural density of any finte subset of N×N
is zero and δD(S) + δD(N× N− S) = 1 for any set S ⊂ N× N .

Before proceeding further, we recall a double sequence (Akj) is Wijsman conver-
gent to A if for each x ∈ X, P−limk,j→∞ d(x,Akj) = d(x,A) or limk,j→∞ d(x,Akj) =
d(x,A), where the convergence is in Pringsheim’s sense.

Definition 2.2. Let (pn), (qn), (rm) and (tm) be sequences of non-negative inte-
gers satisfying the conditions (2.1) and (2.2). A double sequence {Akj} is said to
be Wijsman deferred statistically convergent to A provided that

lim
m,n→∞

1

ψnωm

∣∣{(k, j) ∈ Snm : |d(x,Akj)− d(x,A)| ≥ ε
}∣∣ = 0

for each ε > 0 and for each x ∈ X and it is written by Akj → A (WS2
d) or WS2

d −
limAkj = A. The set of all Wijsman deferred statistically convergent sequences will
be denoted by WS2

d . If qn = n, pn = 0, rm = m and tm = 0, then we write WS2

instead of WS2
d .

Definition 2.3. Let (pn), (qn), (rm) and (tm) be sequences of non-negative inte-
gers satisfying the conditions (2.1) and (2.2). A double sequence (Akj) is said to be
Wijsman strongly deferred convergent to A provided that

lim
m,n→∞

1

ψnωm

qn∑
k=pn+1

rm∑
j=tm+1

|d (x,Akj − d (x,A)) | = 0
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for each ε > 0 and for each x ∈ X, and it is written by Akj → A
(
WN2

d

)
or

WN2
d− limAkj = A. The set of all Wijsman strongly deferred convergent sequences

will be denoted by WN2
d . If qn = n, pn = 0, rm = m, tm = 0, then we write WN2

instead of WN2
d .

If we take qn = kn, pn = kn−1, rm = jm, tm = jm−1, where θ = {(kn, jm)}
are double lacunary sequences, then WS2

d−convergence is the same as Wijsman
lacunary statistical convergence of double sequences of sets and WN2

d−convergence
coincides with Wijsman lacunary strongly convergent of double sequences of sets
[25].

We first show that a double sequence which is Wijsman strongly deferred Cesaro
summable is Wijsman deferred statistically convergent. However, the converse is
not true, in general.

Theorem 2.1. Let (pn), (qn), (rm) and (tm) be sequences of non-negative integers
satisfying the conditions (2.1) and (2.2). If WN2

d − limAkj = A, then WS2
d −

limAkj = A.

Proof. We assume that WN2
d − limAkj = A. Then for an arbitrary ε > 0, we have

1

ψnωm

qn,rm∑
k=pn+1
j=tm+1

|d(x,Akj)− d(x,A)|

=
1

ψnωm

 ∑
k=pn+1
j=tm+1

|d(x,Akj)−d(x,A)|≥ε

+
∑

k=pn+1
j=tm+1

|d(x,Akj)−d(x,A)|<ε

 |d(x,Akj)− d (x,A) |

≥ 1

ψnωm

∑
k=pn+1
j=tm+1

|d(x,Akj)−d(x,A)|≥ε

|d(x,Akj)− d (x,A) |

≥ ε

∣∣{(k, j) ∈ Snm : |d(x,Akj)− d(x,A)| ≥ ε
}∣∣

ψnωm
.

By taking limit as n,m→ ∞, we obtain

lim
m,n→∞

∣∣{(k, j) ∈ Snm : |d(x,Akj)− d(x,A)| ≥ ε
}∣∣

ψnωm
= 0.

The converse of Theorem 2.1. is not true, in general. For this; qn = kn, pn = kn−1,
rm = jm, tm = jm−1, where θ = {(kn, jm)} are double lacunary sequences and
define a sequence {Akj} as follows:

Akj =

 {(k, j)} , if kn−1 < k ≤ kn−1 +
[√
hn
]
, jm−1 < j ≤ jm−1 +

[√
hm
]

(n,m = 1, 2, ...)
{(0, 0)} , otherwise.

.
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Note that {Akj} is not bounded. For every ε > 0 and for each x ∈ X, we get

1

hnhm
|{(k, j) ∈ Inm : |d(x,Akj)− d(x, {(0, 0)})| ≥ ε}|

=

[√
hn
] [√

hm
]

hnhm
→ 0 as n,m→ ∞,

that is, Akj → {(0, 0)} (WS2
d). But

1

hnhm

∑
(k,j)∈Inm

|d(x,Akj)− d(x, {(0, 0)})|

=
1

hnhm

[([√
hn
] ([√

hn
]
+ 1
)) ([√

hm
] ([√

hm
]
+ 1
))

4

]

→ 1

4

Therefore, Akj ↛ {(0, 0)} (WN2
d ).

The following theorem establishes that for bounded double sequences {Akj}, the
converse of Theorem 2.1. is also true.

Theorem 2.2. Let (pn), (qn), (rm) and (tm) be sequences of non-negative integers
satisfying the conditions (2.1), (2.2) and let {Akj} be a bounded double sequence. If
WS2

d − limAkj = A, then WN2
d − limAkj = A.

Proof. Suppose that {Akj} is bounded and WS2
d − limAkj = A. In this case, there

exists a real number M > 0 such that

|d(x,Akj)− d(x,A)| ≤M

for all k, j ∈ N. For an arbitrary ε > 0, we have

1

ψnωm

qn,rm∑
k=pn+1
j=tm+1

|d(x,Akj)− d(x,A)|

=
1

ψnωm

 ∑
k=pn+1
j=tm+1

|d(x,Akj)−d(x,A)|≥ε

|d(x,Akj)− d (x,A) |



+
1

ψnωm

 ∑
k=pn+1
j=tm+1

|d(x,Akj)−d(x,A)|<ε

|d(x,Akj)− d (x,A) |


≤ M

∣∣{(k, j) ∈ Snm : |d(x,Akj)− d(x,A)| ≥ ε
}∣∣

ψnωm
+ ε
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Since

lim
m,n→∞

∣∣{(k, j) ∈ Snm : |d(x,Akj)− d(x,A)| ≥ ε
}∣∣

ψnωm
= 0 as n,m→ ∞

we get

lim
m,n→∞

1

ψnωm

qn,rm∑
k=pn+1
j=tm+1

|d(x,Akj)− d(x,A)| = 0 as n,m→ ∞.

Theorem 2.3. Let (pn), (qn), (rm) and (tm) be sequences of non-negative integers
satisfying the conditions (2.1) and (2.2). A Wijsman convergent double sequence
(Akj) is Wijsman deferred statistically convergent, but converse need not be true.

Proof. The proof follows in view of the fact that the deferred double natural density
of any finite set is zero. However, the converse is not true, in general. Example in
Theorem 2.1. provides a double sequence (Akj) of sets which is Wijsman deferred
statistically convergent but fails to be Wijsman convergent.

We next show that the under certain condition Wijsman statistically convergent
double sequences are Wijsman deferred statistically convergent.

Theorem 2.4. Let (pn), (qn), (rm) and (tm) be sequences of non-negative integers
satisfying the conditions (2.1), (2.2) and limn,m→∞

nm
ψnωm

= a > 0. If WS2 −
limW Akj = A, then WS2

d − limAkj = A.

Proof. If WS2 − limW Akj = A, then we have

lim
n,m→∞

1

nm
|{(k, j) : k ≤ n, j ≤ m : |d(x,Akj)− d(x,A)| ≥ ε}| = 0.

Since {
(k, j) ∈ Snm: |d(x,Akj)− d(x,A)| ≥ ε

}
⊂ {(k, j) : k ≤ n, j ≤ m, |d(x,Akj)− d(x,A)| ≥ ε}

we have ∣∣{(k, j) ∈ Snm: |d(x,Akj)− d(x,A)| ≥ ε
}∣∣

≤ |{(k, j) : k ≤ n, j ≤ m, |d(x,Akj)− d(x,A)| ≥ ε}|

and so ∣∣{(k, j) ∈ Snm: |d(x,Akj)− d(x,A)| ≥ ε
}∣∣

ψnωm

≤ nm

ψnωm

|{(k, j) : k ≤ n, j ≤ m : |d(x,Akj)− d(x,A)| ≥ ε}|
nm
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Hence

lim
n,m→∞

∣∣{(k, j) ∈ Snm: |d(x,Akj)− d(x,A)| ≥ ε
}∣∣

ψnωm
= 0

that is WS2
d − limAkj = A.

In the next theorem, we arrive at the same result as established in Theorem 4,
but under a different condition.

Theorem 2.5. Let (pn), (qn), (rm) and (tm) be sequences of non-negative inte-
gers satisfying the conditions (2.1), (2.2) and {Akj} be double sequence of sets. If
lim infn

qn
pn

> 1 and lim infm
rm
tm

> 1, then WS2 − limW Akj = A implies WS2
d −

limAkj = A.

Proof. Assume that lim infn
qn
pn

> 1 and lim infm
rm
tm

> 1, then there exist α, β > 0

such that qn
pn

≥ 1 + α and rm
tm

≥ 1 + β for sufficiently large n,m which implies that

qn
pn

≥ 1 + α⇒ qn − pn
qn

≥ α

1 + α

rm
tm

≥ 1 + β ⇒ rm − tm
rm

≥ β

1 + β

(qn − pn)

qn

(rm − tm)

rm
≥ αβ

(1 + α) (1 + β)

⇒ ψn
qn

ωm
rm

≥ αβ

(1 + α) (1 + β)

If WS2− limW Akj = A, then for every ε > 0 and for sufficiently larger n,m we get

1

qnrm
|{(k, j) : k ≤ qn, j ≤ rm : |d(x,Akj)− d(x,A)| ≥ ε}|

≥ 1

qnrm

∣∣{(k, j) ∈ Snm : |d(x,Akj)− d(x,A)| ≥ ε
}∣∣

≥ αβ

(1 + α) (1 + β)

(
1

ψnωm

∣∣{(k, j) ∈ Snm: |d(x,Akj)− d(x,A)| ≥ ε
}∣∣)

for each x ∈ X. Hence, WS2
d − limAkj = A.

Following the same technique , as that of Lemma 1,1 of Salat [27], we have

Theorem 2.6. Let (pn), (qn), (rm) and (tm) be sequences of non-negative integers
satisfying the conditions (2.1) and (2.2). A double sequence {Akj} of sets is Wijs-
man deferred statistically convergent to A if and only if there exists a set K ⊂ N×N
such that δD(K) = 1 and lim k,j→∞

(k,j)∈K
Akj = A.
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Proof. For r ∈ N, let Kr =
{
(k, j) ∈ N× N : |d(x,Akj)− d(x,A)| < 1

r

}
. As Kr =

N × N −
{
(k, j) ∈ N× N : |d(x,Akj)− d(x,A)| ≥ 1

r

}
and WS2

d − limAkj = A so
δD(K

r) = 1. As {
(k, j) ∈ N× N : |d(x,Akj)− d(x,A)| < 1

r + 1

}
⊂

{
(k, j) ∈ N× N : |d(x,Akj)− d(x,A)| < 1

r

}
soK1 ⊃ K2 ⊃ K3 · · · ⊃ Kr ⊃ K(r+1) · · · and δD(Kr) = 1. Let us choose (n1,m1) ∈
K1. Then there exists (n2,m2) > (n1,m1), (n2,m2) ∈ K2 such that for all
(n,m) ≥ (n2,m2) we have

1

ψnωm

∣∣∣∣{(k, j) ∈ N× N : pn < k ≤ qn and tm < j ≤ rm |d(x,Akj)− d(x,A)| < 1

2

}∣∣∣∣ > 1

2
.

Choose (n3,m3) > (n2,m2),(n3,m3) ∈ K3 such that for all (n,m) ≥ (n3,m3) we
have

1

ψnωm

∣∣∣∣{(k, j) ∈ N× N : pn < k ≤ qn and tm < j ≤ rm |d(x,Akj)− d(x,A)| < 1

3

}∣∣∣∣ > 2

3
.

We continue this process and construct by induction a sequence (n1,m1) < (n2,m2) <
(n3,m3) · · · (nj ,mj) < · · · such that (nj ,mj) ∈ Kj with

1

ψnωm

∣∣∣∣{(k, j) ∈ N× N : pn < k ≤ qn and tm < j ≤ rm |d(x,Akj)− d(x,A)| < 1

j

}∣∣∣∣ > j − 1

j

for all (n,m) ≥ (nj ,mj).

Let us consider K =
(
[1, n1) × [1,m1)

)⋃
j

((
[ nj , nj+1) × [mj ,mj+1)

)⋂
Kj

)
.

Now for each (n,m) such that (nj ,mj) < (n,m) < (nj+1,mj+1), we get

1

ψnωm
|{(k, j) ∈ K : pn < k ≤ qn and tm < j ≤ rm}|

≥ 1

ψnωm

∣∣∣∣{(k, j) ∈ N× N : pn < k ≤ qn and tm < j ≤ rm |d(x,Akj)− d(x,A)| < 1

j

}∣∣∣∣
>

j − 1

j
for each j ∈ N.

From this, we have δD(K) = 1. Let ε > 0. Choose j such that 1
j < ε. Now for all

(n,m) ≥ (nj ,mj) and (n,m) ∈ K, choose p ≥ j such that
(np,mp) ≤ (n,m) ≤ (np+1,mp+1), we get (n,m) ∈ Kp which in turn yields

|d(x,Akj)− d(x,A)| < 1

p
≤ 1

j
< ε.

Conversely, suppose there exists a set K ⊂ N × N such that δD(K) = 1 and
lim k,j→∞

(k,j)∈K
Akj = A. For ε > 0, there exists (n0,m0) ∈ N× N such that
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|d(x,Akj)− d(x,A)| < ε for all (k, j) ≥ (n0,m0) and (k, j) ∈ K.
Taking Kε = {(k, j) ∈ N× N : |d(x,Akj)− d(x,A)| ≥ ε}, the result follows in view
of the facts that Kε ⊂ (N× N)−K.

Before proceeding further first we introduce the following notation:

If A = (Akj) is a double sequence of sets such that (Akj) satisfies property P for
all (k, j), except a set of deferred double natural density zero, then we say A = (Akj)
satisfies P for “almost all (k, j) deferred double with respect to D = (p, q : r, t)”
and we abbreviate this by “a.a. (k, j) deferred double w.r.t.D” where p = (pn),
q = (qn), r = (rm) and t = (tm) be sequences of non-negative integers satisfying the
conditions (2.1) and (2.2).

Finally we establish that the terms of a Wijsman deferred statistically convergent
double sequence (Akj) are coincident with those of a Wijsman convergent sequence
for a. a. (k, j) deferred double w.r.t. D.

Theorem 2.7. A double sequence (Akj) of sets is Wijsman deferred statistically
convergent if and only if there exists a Wijsman convergent double sequence (Bkj)
of sets such that Bkj = Akj a. a. (k, j) deferred double w.r.t. D.

Proof. Let (Akj) is Wijsman deferred statistically convergent to A. So for each
ε > 0 we have δD(K) = 0 where K = {(k, j) ∈ N× N : |d(x,Akj)− d(x,A)| ≥ ε}.
Consider

Bkj =

{
Akj , if (k, j) ∈ (N× N)−K
A, otherwise

.

Then (Bkj) is a Wijsman convergent double sequence of sets converging to A such
that Bkj = Akj a. a. (k, j) deferred double w.r.t. D.
Conversely, let (Bkj) is a Wijsman convergent double sequence of sets converging
to A such that Bkj = Akj a. a. (k, j) deferred double w.r.t. D. Then for ε > 0
there exists k0, j0 ∈ N such that |d(x,Bkj) − d(x,A)| < ε for all (k, j) ≥ (k0, j0).
Let K = {(k, j) ∈ N × N : Bkj ̸= Akj}. Now {(k, j) : |d(x,Akj) − d(x,A)| ≥ ε} ⊂
K ∪ [1, k0)× [1, j0), yields the result.
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Abstract.  In this paper, Moore-Gibson-Thompson theory of thermoelasticity is considered to investigate the 
fundamental solution and vibration of plane wave in an isotropic photothermoelastic solid. The governing 
equations are made dimensionless for further investigation. The dimensionless equations are expressed in 
terms of elementary functions by assuming time harmonic variation of the field variables (displacement, 
temperature distribution and carrier density distribution). Fundamental solutions are constructed for the system 
of equations for steady oscillation. Also some preliminary properties of the solution are explored. In the second 
part, the vibration of plane waves are examined by expressing the governing equation for two dimensional 
case. It is found that for the non-trivial solution of the equation yield that there exist three longitudinal waves 
which advance with the distinct speed, and one transverse wave which is free from thermal and carrier density 
response. The impact of various models (i)Moore-Gibson-Thomson thermoelastic (MGTE)(2019), (ii) Lord 
and Shulman’s (LS)(1967) , (iii) Green and Naghdi type-II(GN-II)(1993) and (iv) Green and Naghdi type-
III(GN-III)(1992) on the attributes of waves i.e., phase velocity, attenuation coefficient, specific loss and 
penetration depth are elaborated by plotting various figures of physical quantities. Various particular cases of 
interest are also deduced from the present investigations. The results obtained can be used to delineate various 
semiconductor elements during the coupled thermal, plasma and elastic wave and also find the application in 
the material and engineering sciences. 
 

Keywords:  fundamental solution; Moore-Gibson-Thompson thermoelastic model; photothermoelastic 

isotropic; plane waves; steady oscillations 

 
 
1. Introduction 

 
Study of mechanical and thermal interaction within a solid medium is of emended significance 

in various scientific fields. There are few examples such as high energy particle accelerated devices, 

modern aeronautical and astronomical engineering and different system exploited in nuclear and 

industrial applications with the consideration of second sound effect in thermoelastic model plays a 

significant role in analysing elastic body with in a variety of scientific and technological fields. In 

contradiction with physical observation the infinite thermal propagation speed is observed through 

conventional uncoupled theories.The coupled thermoelasticity proposed by Biot (1956) in order to 
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eradicate the classic uncoupled principle’s inherent paradox. Generalized thermoelasticity theories 

are designed to solve the weaknesses and shortcomings inherent in classic dynamic thermoelasticity 

coupled theory. Lord and Shulman (1967) and Green and Lindsay (1972) developed generalized 

theory of thermoelasticity involving one and two relaxation parameters. 
Green and Naghdi (1991, 1992, 1993) derived three models in thermoelasticity which are labelled 

as GN-I, II and III models. The linearized form of model-I reduces to classical heat conduction 

theory whereas linearized version of model-II and III permit propagation of thermal waves at finite 

speed.GN-II (1993) shows a feature which makes it different from other thermoelastic models as it 

does not allow dissipation of thermal energy. The model GN-III (1992) contains the thermal 

displacement gradient alongwith temperature gradient among the constitutive variables and admits 

the dissipation of energy. Tzou (1995) proposed the dual-phase heat conduction law which is a more 

common one with two different phase delays, one in the heat flow vector and the second in the 

temperature gradient, which takes into account the effects of the microstructure on the heat 

transmission mechanism, in order to evaluate the delayed reaction caused by the microstructure 

effects over time. One of the most recent advances in the theory of thermoelasticity is the three-

phase lags suggested by Roychoudhari (2007). This model also has phase delays of thermal 

displacement gradients, in addition to the phase lags in the hot flux vector and temperature gradient. 

These two suggestions, involving different derivatives as the Taylor spectrum approaches the heat 

flow and temperature gradients, assume that the suggestion by Roychoudhari seeks to restore Green 

and Naghdi models if various Taylor approaches are taken into account.  
Abbas and Abd-alla (2008) investigated the thermoelastic interactions in an infinite orthotropic 

elastic medium with a cylindrical cavity subjected to ramp-type heating applied to the boundary of 

the cavity.Abbas (2011) discussed the  influence of reinforcement on the total deformation body 

by applying Green and Naghdi theory. Marin et al. (2014) studied the basic equations and conditions 

of the mixed initial boundary value problem in the context of micropolar thermoelastic diffusion, 

which is an extension of known Saint-Venant's principle from classical Elasticity. Zenkour and 

Abbas (2014) analysed the nonlinear transient thermal stress of temperature dependent infinite 

cylinders subjected to a decaying with time thermal loading. Abbas (2015) studied the natural 

frequencies, thermoelastic damping and frequency shift of a thermoelastic hollow sphere into the 

context of the generalized thermoelasticity theory with one relaxation time. Abbas et.al. (2016) 

examined the propagation of waves in thermoelastic plate in the context LS theory and obtained an 

analytical solution for the temperature, displacement components, and stresses using the eigenvalue 

approach. Abbas and Kumar (2016) studied the plane problem in initially stressed thermoelastic 

half-space with voids due to thermal source. Ghanmi and Abbas (2019) introduced the bioheat 

equation under fractional derivatives to study the thermal damage within the skin tissue during the 

thermal therapy. 
The semiconducting materials were used widely in modern engineering, with the development 

of technologies. The study of wave propagation in a semiconducting medium will have important 

academic significance and application value. Of recent interest is the relevance of the excitation of 

short elastic pulses (high-frequency elastic waves) by photothermal means to several areas of applied 

physics including the photoacoustic microscope, thermal wave imaging, determination of 

thermoelastic material parameters, non-destructive evaluation of devices, monitoring of laser 

drilling, and laser annealing and melting phenomena in semiconductors. When a semiconductor 

surface is exposed to a beam of laser, some electrons will be excited. In this case, the photo-excited 

free carriers will be produced with non-radiative transitions, and a recombination between electron 

and hole plasma occurs. Many efforts are made to explore the nature of semiconductors in last few 
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years. The technique adopted is photo acoustic and photo thermal technology.  
Photoacoustic (PA) and photothermal (PT) science and technology have extensively developed 

new methods in the investigation of semiconductors and microelectronic structures during the last 

few years. PA and PT techniques were recently established as diagnostic methods with good 

sensitivity to the dynamics of photoexcited carrier (Mandelis 1987, Almond and Patel 1996, 

Mandelis and Michaelian 1997, Nikolic and Todorovic 1989). Photogeneration of electron-hole 

pairs, i.e., the carriers-diffusion wave or plasma wave, generated by an absorbed intensity modulated 

laser beam, may, play a dominant role in PA and PT experiments for most semiconductor materials. 

Depth dependent plasma waves contribute to the generation of periodic heat and mechanical 

vibrations, i.e., thermal and elastic waves. This mechanism of elastic wave generation is a specific 

of semiconductors. The electronic deformation mechanism is based on the fact that photogenerated 

plasma in the semiconductor causes deformation of the crystal lattice, i.e., deformation of the 

potential of the conduction and valence bands in the semiconductor. Thus, photoexcited carries may 

cause local strain in the sample. This strain in turn may produce plasma waves in the semiconductor 

in a manner analogous to thermal wave generation by local periodic elastic deformation.  
The difference influences of the thermoelastic and electronic deformations in semiconductor 

media with disregard the coupling between the plasma and the thermoelastic equations have been 

analyzed by numerous researchers (McDonald and Wetsel 1978, Jackson and Amer 1980, Stearns 

and Kino 1985). Todorovic (2003a, b, 2005) presented the theoretical analysis to describe two 

phenomena that provide information about the properties of transport and carrier recombinations in 

the semiconducting medium. The changes in the propagations of thermal and plasma waves go back 

to the linear coupling between the thermal and the mass transport (i.e., thermodiffusion) have 

included. Sharma (2010) investigated the boundary value problems in generalized thermodiffusive 

elastic medium. Sharma and Sharma (2014) investigated the temperature fluctuations in tissues 

based on Penne’s bio-heat transfer equation. Hobiny and Abbas (2019) investigated the 

photothermal interactions in a two-dimensional semiconducting half-space under the coupled of 

thermo-elastic theory and plasma wave based on Green and Naghdi theory. Abbas et al. (2020) 

examined the effect of the variability of thermal conductivity in semi-conductor media with 

cylindrical cavity using the eigen value methods. Marin et al. (2021) analysed a new picture of the 

porothermoelastic model using the fractional calculus with thermal relaxation times. Sharma and 

Kumar (2021) developed a dynamic mathematical model of photothermoelastic (semiconductor) 

medium to analyse the deformation due to inclined loads. Sharma and Kumar (2022) examined 

photothermoelastic deformation in dual phase lag model due to concentrated inclined load. Kumar 

et al. (2022) investigated deformation due to thermomechanical carrier density loading in 

orthotropic photothermoelastic plate.  
The Moore-Gibson-Thompson theory of thermoelasticity has received immense level of concern 

in recent years. This theory starting from a third-order differential equation and built in the context 

of some considerations related to fluid mechanics by Thompson (1972). Quintanilla (2019) 

presented a Moore-Gibson-Thompson thermoelasticity in which the heat conduction equation is 

described by MGT equation. This equation is obtained by incorporating relaxation parameter in the 

GN-III (1992) model. Conti et al. (2020) explored thermoelasticity of MGT type with history 

dependence in the temperature. Conti et al. (2020a) presented the analyticity of viscoelastic plate 

under MGT model of thermoelasticity. Quintanilla (2020) proposed a new thermoelastic model of 

MGT heat conduction equation with two temperature and examine some basic theorems. Pellicer 

and Quintanilla (2020) examined the uniqueness and instability of some thermomechanical 

problems based on MGT theory of thermoelasticity. 
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Bazarra et al. (2020) examined a thermoelastic problem numerically where the heat conduction 

law is modelled by using Moore-Gibson-Thompson equation. Marin (2020) presented mixed initial-

boundary value problem in the context of the Moore-Gibson-Thompson theory of thermoelasticity 

for dipolar bodies. Abouelregal et al. (2021) presented a modified Moore–Gibson–Thompson photo-

thermoelastic model for a rotating semiconductor half-space under magnetic field. Kumar et al. 

(2022) studied the deformation due to thermomechanical and carrier density loading in orthotropic 

photothermoelastic plate under Moore-Gibson-Thompson thermoelastic model. Sharma et al. 

(2013b) studied the wave propagation in anisotropic thermoviscoelastic medium in the context 

Green-Naghdi theories of type-II and type-III. The concept of fundamental solutions has significant 

role in investigation of various problem of mathematical physics, which are encountered in many 

mathematical, mechanical, physical and engineering applications. The applications of fundamental 

solutions to a recently developed area of boundary value method has provided a corporeal advantage, 

is that an integral representation of the solution to a boundary value problem (BVP) in terms of 

fundamental solution can be solved more easily by numerical methods with respect to differential 

equation having specific boundary and initial conditions. Several methods are known for 

constructing fundamental solutions of the system of differential equations, theory of elasticity and 

thermoelasticity, which are given in the books [Kupradze (1979), Nowacki (1962,1975)]. For a 

historical and bibliographical material on the fundamental solutions of partial differential equation 

is also available in the books [Hörmander (1983), Kythe (1996).]  
Sharma et al. (2013a) investigated the propagation of plane waves and fundamental solution in a 

homogeneous isotropic electro-microstretch elastic solids. Sharma et al. (2014) investigated the 

propagation of plane waves and fundamental solution of homogeneous isotropic electro-

microstretch viscoelastic solids. Svanadze (2017) constructed the fundamental solution and 

uniqueness theorems in the linear theory of thermoviscoelasticity for solids with double porosity. 

Kumar et al. (2020) constructed the fundamental solution of the system of differential equations in 

bio-thermoelasticity with dual phase lag in case of steady oscillations. Kumar et al. (2021) 

constructed the basic theorem in terms of elementary function which analyse the behaviour of non-

local and dual phase lag model and determine the existence of longitudinal and transverse wave. El- 

Bary and Atef (2021) obtained the fundamental solution of generalized magneto thermo 

viscoelasticity with two relaxation times for perfect isotropic conduction. Kumar and Batra (2022) 

investigated the fundamental solution and propagation of plane waves in swelling porous 

thermoelastic medium involving mixtures of solid, fluid, and gas.  
In this paper, the fundamental solution and propagation of plane waves in photothermoelastic 

under Moore-Gibson-Thompson model has been studied. The representation of fundamental 

solution of system of equations in the case of study oscillations is considered in terms of elementary 

functions. Some basic properties of the fundamental solution are also established. The phase velocity, 

attenuation coefficient, specific loss and penetration depth of plane waves for MGTE (2019), LS 

(1967), GN-II (1993) and GN-III (1992) models are computed and presented graphically with 

respect to frequency. 
 
 
2. Basic equations 

 
Let ),,( 321 xxxx   be the point of the Euclidean three- dimensional space E3.  
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Dx  and let t denote the time variable. 

Following (Todorovic 2003b, Quintanilla 2019), the basic equations for homogeneous isotropic 

photothermoelastic based on Moore-Gibson-Thompson heat equation in absence of body force, heat 

source and carrier photogeneration sources are 
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where 
 and   are Lame’s constants, T- the temperature distribution, To the reference temperature, ui 

components of displacement,  ρ  - the medium density, K thermal conductivity, K*thermal 

conductivity rate, De
 

 the coefficients of carrier diffusion, Ce the specific heat, onnN   , on

equilibrium carrier concentration, Eg the semiconductor energy gap,   nnn  ,23    is 

coefficient of electronic deformation,   ttt  ,23   is the linear thermal expansion 

coefficient. 
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the thermal activation coupling parameter, o   the thermal relaxation time, 

τ - the photogenerated carrier lifetime, t - the time variable. 
Following dimensionless parameters are taken as 
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Eqs. (1)-(3) by considering Eq. (4) take the form (after removing primes)
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3. Steady oscillation 

 

For the case of steady oscillation, we assume the displacement vector, temperature distribution 

and carrier density distribution as  

    tieNTtNtTt  ,,Re),(),,(),,( uxxxu                         (8) 

where  is oscillation frequency and 0 . 

Using Eq. (8) into Eqs. (5)-(7), reduce the system of equation of steady oscillations as 
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Introducing the matrix differential operator 
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mn is kronecker delta function.  

The system of Eqs. (9)-(11) can be rewritten as  

    ,0xUDF x                       (13) 

where 
),,( NTuU  is a five components vector function on E3. 

we assume that 

.0122 gg                           (14) 

Definition. The fundamental solution of the system of Eqs. (9)-(11) (the fundamental matrix of 

operator F ) is the matrix    
55

 xxG ghG  satisfying condition (Hörmandertal 1963) 

       xIxxGDF x                       (15) 

where  is the Dirac delta, 
55

 ghI is the unit matrix and .3Ex     

Now we construct  xG in terms of elementary functions. 
 
 
4. Representation of fundamental solutions 

 
We consider the system of equations 
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where H  in Eq. (16) are two vector function on E3 and L & M are scalar functions on E3.  
The system of Eqs. (16)-(18) can be written in the form 
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where 
trF is the transpose of matrix ),,(, MLHQF   and 

3Ex . 
Applying the operator div  to Eq. (16), we obtain  
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Eqs. (20), (17) and (18) may be written in the form 

  ,ψS N                     (21) 
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where 
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Eq. (21) implies 
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From Eqs. (21) and (23), we notice that  
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It can be seen that 
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From Eqs. (31)-(33), we have 
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,)()( 214
n

xn x
qR




D ),()( 3355 qR xD .3,2,1,).()( 2244  nmqR xD

       (35)
 

Also, from Eqs. (19), (29) and (34), we obtain 

UFRUΘ trtr                           (36)

  
It implies that 

,trtrFRΘ 

   ),()( xx DFDRΘ                            (37) 

We assume that  

.4,3,2,1,,022 nmnmnm                     (38) 

Let 
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  (39) 

where 

.4,3,2,1,
4

)exp(
)( 


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x
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n






x
x                    (40) 

  ,4,3,2,1,
4

1
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



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lmml                   (41) 

  .4,3,
4

1

122 




vr

vm
m

vmmv                      (42) 

We will prove the following lemma: 

Lemma: The matrix Y defined above is the fundamental matrix of operator  Θ , which is  

                     ),()()( xIxxYΘ                      (43) 

Proof: To prove the lemma, it is sufficient to prove that 

    ),()(1121 xx  Y                        (44) 

We find that 
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We introduce the matrix  

),()()( xYDRxG x                          (47) 

From Eqs. (31)-(33), (37) and (43), we obtain 

  ).()()(

)()()()()(

xIxxYΘ

xYDRDFxGDF



 xxx
                   (48) 

Hence G(x) is the solution of Eq. (21). 
Therefore we have proved the following theorem: 
Theorem 1. If the condition (14) is satisfied, then the matrix G(x) (which is constructed using 

four elementary functions 4321 ,,  and in Eq. (40)) defined by Eq. (47) is a solution of system 

of Eqs. (9)-(11), where R(Dx) and Y(x) are given by Eqs. (35) and (39) respectively. 
Now we can establish the basic properties of G(x). Theorem 1 leads to the following results. 
Corollary 1. If the condition (14) is satisfied, then the fundamental solution of the system 

0,1  uu divgg2                       (49) 

,012 Tg                   (50)  

,07
8  NgNT

g


                           (51)   
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is the matrix ,
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xxmn   and    )O(
-2

xxrmn,   

hold in a neighbourhood of the origin, where m,n =1,2,3,4,5. and r =1,2,3.  
On the basis of Theorem 1 and Corollary 1 we obtain the following 
Theorem 2. If the condition (14) is satisfied, then the relations  

  )O(
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xxGmn   and    )O(
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hold in a neighbourhood of the origin, where 
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nm

andrqqqqqq r  Thus , 

 x  is the singular part of the fundamental matrix G(x) in the neighbourhood of the origin. Taking 

into account inequality )4,3,2,1(0Im  mm  we have 
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of Theorem 1 each element of G(x) is represented in the form  
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mns x and has the following property at the infinity 
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5. Plane waves 

 
We consider a plane wave propagation in a homogeneous isotropic photothermoelastic medium 

under Moore-Gibson-Thompson thermoelasticity. For two dimensional problem, we take 
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 

).,,(),,,(

,),,(,0),,,(

3131

313311

txxNtxxT

txxutxxuui 

                    
 (52) 

By Helmholtz decomposition theorem, we have  
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Eqs. (5)-(7), with the aid of Eqs. (52) and (53), take the form 
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We assume the solution for Eqs. (54)-(57) of the form 

   
 txlxli

e

NTNT
 



)( 3311
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          (58) 

where c  I the frequency,   is the wave number and c is the  phase velocity. NT ,,,

are undetermined amplitudes, that are dependent on time t and coordinates )3,1( mxm  . 

31 landl   are the direction cosines of the wave normal to the 31xx  plane with the property 

.12
3

2
1  ll  

Making use of Eq. (58) in Eqs. (54)-(57), we get 
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For non- trivial solution of the system of Eqs. (59)-(61), yields the following polynomial 

characteristic equation in   as 
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Solving Eq. (63), we obtain six roots of   , that is 321,  and   correspond to positive 3x

direction and other three roots 321,   and   correspond to negative 3x  direction. 

Corresponding to roots 321,  and , there exist three waves in descending order of their velocity, 

namely a longitudinal wave (P-wave) , thermal wave (T-wave) and  plasma wave(PL-wave). From 

Eq. (62) we obtain two roots of  , that is 4   and corresponding to this root ,there exists a 

transverse wave (SV).It is noticed that these two values are unaffected by the thermal properties of 

the photothermoelastic  medium.  
 We derive the expressions of phase velocity, attenuation coefficient, specific loss and 

penetration depth of these type of waves as 
 
(i) Phase velocity 
The phase velocities is given by 

.3,2,1,
)Re(

 iV
i

i



                       (64) 

where 321 ,, VVV are the phase velocities of P,T  and plasma waves respectively. 

(ii) Attenuation coefficient  
The attenuation coefficient are defined as  

 iQ ii ),Im( 1,2,3.                 (65) 

where 321, QandQQ are the attenuation coefficients of P,T and plasma waves  respectively. 

(iii) Specific loss 
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The specific loss is defined as 
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W
R

i

i
i                    (66) 

where W is elastic energy and 321, RandRR are specific loss of P,T and plasma waves respectively. 

(iv) Penetration depth 
The penetration depth is defined as  

.3,2,1,
)Im(

1
 iS

i
i


                    (67) 

where 321, SandSS are penetration depth of P,T and plasma waves respectively. 

 
 
6. Particular cases  
 

Photothermoelasticity under Moore–Gibson–Thompson model in which oandK *,K  all are 

positive is limited to following cases 
(i) If we take 0* K  in Eqs. (47) and (63), we obtained the corresponding result for Lord and 

Shulman’s (LS) model.  
(ii) If we take 0K o  in Eqs. (47) and (63), we obtain the corresponding result for Green and 

Naghdi of type-II (GN-II) model.   
(iii) If we take 0o  in Eqs. (47) and (63), we obtain the corresponding result for Green and 

Naghdi of type-III (GN-III) model.   
 
 
7. Numerical results and discussion 
 

For the numerical calculations we take material constants for an isotropic Silicon (Si) material 

as ,/46.5,/64.3 22 mNmN   100414.0  Kt , kgmn /00198.0 3  ,

32330 mkg , KTo 300 , mkwK 150 , sKkgjCeVE eg 05.0,695,11.1   ,

322 10,5.2  mnsmD oe  
The values of phase velocity, attenuation coefficient, specific loss and penetration depth of plane 

waves are determined by using MATLAB software. The variations of phase velocity, attenuation 

coefficient, specific loss and penetration depth with respect to frequency are shown in Figs. (1.1) to 

(1.12) respectively. Comparison has been made among the generalization theories presented by 

Moore-Gibson-Thomson thermoelasticity (MGTE), Lord and Shulman (LS), Green and Naghdi of 

type-II (GN-II) and Green and Naghdi of type-III (GN-III). 
In all the figures solid line correspond to photothermoelastic MGTE model, dashed line 

corresponds to LS model, dotted line corresponds to GN-II model and dashed-dot line corresponds 

to GN-III model.  
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Fig. 1.1 Profile of phase velocity PV1 vs. ω 

 

 
Fig. 1.2 Profile of phase velocity PV2 vs. ω 

 

 
Fig. 1.3 Profile of phase velocity PV3 vs. ω 
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Fig. 1.4 Profile of attenuation coefficient Q1 vs. ω 

 

 
Fig. 1.5 Profile of attenuation coefficient Q2vs. ω 

 

 
Fig. 1.6 Profile of attenuation coefficient Q3 vs. ω 
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Fig. 1.7 Profile of penetration depth S1 vs. ω 

 

 
Fig. 1.8 Profile of penetration depth S2 vs. ω 

 

 
Fig. 1.9 Profile of penetration depth S3 vs. ω 
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Fig. 1.10 Profile of specific loss R1vs. ω 

 

 
Fig. 1.11 Profile of specific loss R2 vs ω 

 

 
Fig. 1.12 Profile of specific loss R3 vs. ω 

 

141



 
 
 
 
 
 

Rajneesh Kumar, Nidhi Sharma, Supriya Chopra and Anil K. Vashishth 

Phase velocity 
 

Fig. 1.1 depicts trend of phase velocity PV1 vs.  . Initially, the magnitude of PV1 is maximum 

for LS model and minimum for GN-II model for the lower frequency. The behaviour and variation 

of PV1 for MGTE, LS and GN-III is oscillatory. GN-III model minimize the value of PV1 
for extreme 

values of frequency. All the curves correspond to PV1  are in decreasing trend for the whole range 

of .  
Fig. 1.2 displays trend of phase velocity PV2 

vs.   . In the initial range of frequency, the 

magnitude of PV2 is higher for GN-III model and lower for LS model. The value of PV2 
is 

monotonically increasing with the increase in frequency due to GN-II model. The curves correspond 

to PV2 
is oscillatory in behaviour for LS and MGTE model. 

Fig. 1.3 demonstrates trend of phase velocity PV3 
vs.  . The magnitude of PV3 is maximum for 

lower frequency due to GN-II model. The values of PV3 
is monotonically increasing for the whole 

range of frequency due to GN-II and GN-III models. The curves correspond to PV3 
is oscillatory in 

behaviour for LS and MGTE model. 
 
Attenuation coefficient 
 

Fig. 1.4 depicts trend of attenuation coefficient Q1 
vs.  . In the initial range of frequency, the 

magnitude of Q1 
is maximum for GN-II model and minimum due to MGTE model. The behaviour 

and variation of Q1
 
is opposite oscillatory for GN-III and LS model, in the range 5.45.2  . The 

values of Q1 
is monotonically decreasing in the range 20  due to GN-II model as compare to 

other models. 
Fig. 1.5 demonstrates trend of attenuation coefficient Q2 

vs.   . For the extreme values of 

frequency, the magnitude of Q2 is maximum for GN-II model and minimum due to LS model, 

whereas for intermediate values of frequency LS model intensify and GN-II model minimize the 

values of Q2 . The curves correspond to Q2 are oscillatory in nature due to MGTE, LS and GN-III. 
Fig. 1.6 displays trend of attenuation coefficient Q3 

vs.  . In the initial range of frequency, the 

magnitude of Q3 
is maximum for GN-II model and minimum due to LS model. The behaviour and 

variation of Q3 
is opposite oscillatory for GN-III and LS model, for the whole range of frequency. 

The curves correspond to Q3 
for MGTE and LS model fluctuate in the same way. 

 
Penetration depth 
 

Fig. 1.7 displays trend of penetration depth S1 
vs.  . Initially, the magnitude of S1 is maximum 

for MGTE model and minimum due to GN-II model. The behaviour and variation of S1 is 

monotonically increasing due to GN-II model for whole range of frequency. All the curves 

correspond to S1 are in increasing trend for higher values of frequency.  
Fig. 1.8 depicts trend of penetration depth S2 

vs.  . Initially, the magnitude of S2 is maximum 

for LS model and minimum due to GN-II model. The behaviour and variation of S2 is monotonically 

decreasing for LS model in the range 5.20  and opposite oscillatory for GN-III & MGTE 

model and LS & GN-II model. 
Fig. 1.9 demonstrates trend of penetration depth S3 

vs.   . Initially, the magnitude of S3 is 

maximum for LS model and minimum due to GN-II model. The behaviour and variation of S3 is 

decreasing for all models. The variation of S3 is opposite oscillatory for GN-III and MGTE model 
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for the whole range of frequency. 
 
Specific loss 
 

Fig. 1.10 demonstrates trend of specific loss R1 
vs.  . Initially, the magnitude of R1 is maximum 

for LS model and minimum due to MGTE model. The behaviour and variation of R1 is decreasing 

for all models for the whole range of frequency. The variation of R1 is monotonically decreasing for 

GN-II model in the range .20  The curves due to MGTE,LS and GN-III travels in similar 

manner with small difference in their magnitude. 
Fig. 1.11 displays trend of specific loss R2 vs.  . Initially, the magnitude of R2 is maximum for 

GN-II model and minimum due to LS model. The behaviour and variation of R2 is oscillatory for all 

models except GN-III model. The variation of R2 is opposite oscillatory for GN-II and MGTE 

models in the range .2  

Fig. 1.12 depicts trend of specific loss R3 
vs.  . Initially, the magnitude of R3 is maximum for 

GN-II model and minimum due to LS model. The behaviour and variation of R3 is oscillatory for all 

models except GN-II model. The variation of R3 is opposite oscillatory for GN-III and LS models 

for the whole range of frequency. The curve due to MGTE model behave opposite oscillatory with 

GN-III model in the initial range of frequency. 
 

 
8. Conclusions 

 
Study of fundamental solution and plane wave vibrations are an important problem of mechanics 

of continua.The fundamental solution of system of equations in the generalized theories of 

photothermoelastic medium under Moore-Gibson-Thompson thermoelasticity for steady oscillation 

in terms of elementary functions has been constructed.  
On the basis of fundamental solution of the Eqs. (9)-(11), it is possible to construct the surface 

(single layer and double layer) and volume potential in photothermoelastic with MGTE model and 

to establish their basic properties. To obtain the formulae of integral representation of regular 

solutions of the Eqs. (9)-(11), for the investigation of three dimensional BVP in the considered model 

by means of potential method and the theory of two dimensional singular integral equation. The 

method of fundamental solution is an elegant method for the solution of the basic differential 

equations. On the basis of the Theorem 1 and Theorem 2 discussed above, we can construct the 

regular solution of the 3 dimensional BVP of steady vibration by using potential methods and theory 

of singular integral equation in the considered model.   
The propagation of plane wave in the considered medium under Moore-Gibson-Thompson 

thermoelasticity has also been studied. It is observed that there exist three longitudinal waves namely 

Longitudinal wave (P-wave), thermal wave(T-wave) and plasma wave(PL-waves) in addition to 

transverse wave SV wave which is not affected by thermal properties and photothermal effect of the 

materials. 
Opposite behaviour of phase velocities PV1 and PV2 

is observed for lower frequency due to all 

models. For higher frequency, PV3 
attain higher magnitude due to one relaxation time in comparison 

to other models. Attenuation coefficient correspond to P-wave and T-wave remains higher and lower 

for higher frequency respectively in MGTE model in comparison to other models. One relaxation 

143



 
 
 
 
 
 

Rajneesh Kumar, Nidhi Sharma, Supriya Chopra and Anil K. Vashishth 

time predominant attenuation coefficient corresponds to PL-wave in comparison to other assumed 

models. Without energy dissipation and one relaxation time has predominant impact on S1 and S2for 

higher and lower frequency respectively. S3 has dominant impact of energy dissipation for lower 

frequency. Impact of MGTE on R1 is observed stronger in comparison to R2 and R3 for higher 

frequency. 
The result showed that several physical quantities like MGTE, photothermoelasticity 

significantly impact the system interaction. The comparison of the different models on attributes of 

the waves shows the dependence of physical field quantities. The result shows that MGTE model of 

photothermoelastic predicts a finite speed of wave propagation that makes a new model more 

consistent with the physical property of the material. The model explored in this work find 

application in various field such as structural engineering, theoretical seismology etc. 
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